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Abstract: In this study the third order nonlinear susceptibilities are theoretically 

calculated for an electron confined in an isolated PbS/ CdSe/ CdS spherical core-shell-
shell quantum dots. Our calculation is associated with intersubband transitions in the 

conduction band. We used the effective mass approximation in this study which is a 

simple and straightforward study of the third-order optical nonlinearity in nanometersized 

parabolic quantum dots and solved a three-dimensional Schrӧdinger equation. The third 

order nonlinear susceptibilities are analyzed as function of core, shell radii. Our study 

show great dependence of third order nonlinear susceptibilities on size of core and shell. 

Also In the case of Kerr-type nonlinearities, nonlinear refractive index n2 and the 

nonlinear absorption coefficient β are investigated as function of the ratio k0/n0 (where n0 

and k0 are the real and  imaginary part of linear refractive index respectively) for different 

value of  imaginary and real parts of the third order susceptibility. 

 
Key words: Core–Shell-Shell Quantum Dot,  Nonlinear Optical Susceptibility, 

Nonlinear Refractive Index. 

 

 

1. INTRODUCTION  

    In the recent years, many researchers have studied on synthesis of spherical 

quantum dot with a core in center and one or several layers of called core–shell 

structure QD or quantum dot–quantum well (QDQW) [1]. In recent years, third-

order nonlinear optical susceptibilities associated with intersubband transitions in 

the conduction band in various types of semiconductor nanoparticles have been 

investigated [2-4].  
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Semiconductors have promising applications in optoelectronic and photonic 

devices. Among them, PbS is one of the important IV–VI group semiconductors 

having a narrow band gap (Eg = 0.41 eV) with an effective Bohr radius of 18 nm. 

The band gap can be tuned for absorption across the visible to near infrared (NIR) 

regions (700–1600 nm). Materials exhibiting NIR absorption and emission are 

very useful in various applications like NIR communications, in vivo biomedical 

applications (imaging and labelling), infrared detectors and electroluminescent 

devices [5]. 

Some researchers investigated core/shell or cylinder quantum dots [6-8] but we 

have calculated the third-order susceptibility in PbS/CdSe/CdS core/shell/shell 

quantum dot also we have investigated the refractive index and the absorption 

coefficient using Kerr-type nonlinearities which has not been studied so far. 

2. THOERY AND CANCLUSION 

In this paper, we have considered the system of an electron confined in an 

isolated PbS/CdSe/CdS core/shell/shell quantum dot inner radius R1 and two 

outer radii R2 and R3 corresponding to the PbS (as core), CdSe (as first shell) 

and CdS (as second shell) respectively as shown in Fig. 1. 

 

 
Fig.1. Two-dimensional model and the potential diagram of the 

 PbS/CdSe/CdS spherical quantum dot. 

 

Various methods have been reported for investigating electronic structures of 

quantum dot systems. We used the effective mass approximation in this study. 

The time independent Schrödinger equation of the electron in spherical 

coordinate can be written as [9]. 
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Where 𝑚𝑖
∗ is the effective mass of an electron in the ith th region, and Vi(r) is the 

potential. They are obtained as follows: 

𝑚𝑖
∗ = {

𝑚1
∗                𝑟 ≤ 𝑅1

𝑚2
∗      𝑅1 < 𝑟 ≤ 𝑅2

𝑚3
∗      𝑅2 < 𝑟 ≤ 𝑅3

                                                                                   (2) 

𝑉𝑐(𝑟) = {

0                  0 < 𝑟 ≤ 𝑅1
𝑉𝑐1           𝑅1 < 𝑟 ≤ 𝑅2
𝑉𝑐2         𝑅2 < 𝑟 ≤ 𝑅3
  ∞                        𝑟 > 𝑅3

                                                                         (3) 

Where 1 1 2c
V   

 
and 2 2 3c

V    . χ1, χ2 and χ3 are electron affinity of 

PbS, CdSe and CdS respectively. Fig. 2 shows the schematic representation of 

the band structure of PbS/CdSe/CdS core–shell-shell quantum dots. The value of 

electron affinity, effective mass and band gap of materials are given in table 1.  

 
 

Fig. 2. Schematic energy band representation of PbS/CdSe/CdS spherical quantum dot. 
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Table1. Electron affinity, effective mass and band gap of PbS, CdSe and CdS [10-14] 

 Electron  

Affinity(eV) 

Effective mass 

 of electron 

Band gap(eV) 

PbS 4.6[7,9] 0.25m0 [8] 0.41 

CdSe[10] 4.95 0.13m0 1.75 

CdS[11] 4.3 0.171m0 2.42 

The separation of radial and angular coordinates leads to: 

𝜓𝑛𝑙𝑚(𝑟, 𝜃, 𝜑) = 𝑅𝑛𝑙(𝑟)𝑌𝑙,𝑚(𝜃, 𝜑)                                                                      (4) 

Rnl(r) is the radial wave function, and Ylm (θ, ϕ) is the spherical harmonic function 

and is the solution of the angular part of the Schrödinger equation, and l and m 

are the angular momentum quantum numbers. 

According to Fig.1, there are four regions for electron eigenenergy;   E < Vc1  ,   

Vc1< E < Vc2,     E > Vc2. In this paper we consider Vc1< E < Vc2 & E> 0. For this 

case the solution of  Rnl(r) yields [15]: 
 

𝑅𝑛,𝑙(𝑟) =

{
 
 

 
 𝐴1𝑗𝑙(𝑘𝑛𝑙,1𝑟) + 𝐴2𝑛𝑙(𝑘𝑛𝑙,1𝑟)               𝑟 ≤ 𝑅1

𝐵1𝑗𝑙(𝑘𝑛𝑙,2𝑟) + 𝐵2𝑛𝑙(𝑘𝑛𝑙,2𝑟)     𝑅1 < 𝑟 ≤ 𝑅2

𝐶1ℎ𝑙
(+)(𝑖𝑘𝑛𝑙,3𝑟) + 𝐶2ℎ𝑙

(−)(𝑖𝑘𝑛𝑙,3𝑟)     𝑅2 < 𝑟 ≤ 𝑅3
0                                                           𝑟 > 𝑅3

                                   (5) 

Where A1, A2, B1, B2, C1 and C2 are normalized constants, and 𝑘𝑛𝑙,1, 𝑘𝑛𝑙,2, 𝑘𝑛𝑙,3 

apply to the following equations: 
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ℏ2
                                                                                                

Due to the fact that the wave function is finite for r→0, we can get A2 = 0. Also, 

the wave function must satisfy the boundary conditions [16, 17]: 

 

𝑅𝑛𝑙,1(𝑅1) = 𝑅𝑛𝑙,2(𝑅1)                                                                                               

𝑅𝑛𝑙,2(𝑅2) = 𝑅𝑛𝑙,3(𝑅2)                                                                                               
1
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After determining the eigenvalues and wave functions, the third-order 

susceptibility for two energy levels, ground and first excited states, we shal 

describe the model  By using the density matrix method [18], the third order 
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optical nonlinearity susceptibility χ(3) corresponding to four wave mixing in a 

two-level model reads [19]: 

 

𝜒(3)(−2𝜔1 + 𝜔2; 𝜔1, 𝜔1 , −𝜔2) = 

−2𝑖𝜇4𝑁

[𝑖ℏ(𝜔0 − 2𝜔1 + 𝜔2) + ℏ𝛾(𝑖ℏ(𝜔2 − 𝜔1) + ℏ𝛾∥)]
× 

[
1

[𝑖ℏ(𝜔0−𝜔1)ℏ𝛾⊥]
+

1

[𝑖ℏ(𝜔2−𝜔0)+ℏ𝛾⊥]
]                             (8) 

Where μ is the dipole transition matrix element, ω0 the transition frequency, γ⊥( 

γ||) the transverse (longitudinal) relaxation constant, and N the electron density. 

In this paper, we suppose γ⊥  = γ|| = γ = 1/τ, τ is the relaxation time. The transition 

frequency ω0 and dipole transition matrix element μ can be written as: 

                                          𝜇 =< 𝜙𝑖|𝑒𝑟|𝜙𝑗 >       ,     𝜔0 =
𝐸𝑗−𝐸𝑖

ℏ
                             (9) 

If ω1 = −ω2, the third-order susceptibility for third harmonic generation will be 

emerge [20]. 

3. RESULTS AND DISCUSSION 

In this paper, only the situation ω1=0 and ω2= -ω for the quadratic electro – optic 
effects (QEOE) have been considered. The material parameters in our calculation 

have been taken from table 1 and we opt to consider N=5 × 1024𝑚−3 ,   𝜏 =
300fs [7]. 

In Fig. 3, we display |𝜒(3)(−ω; 0,0, ω)| , 𝑅𝑒𝜒(3)(−ω;0,0, ω) and 

𝐼𝑚𝜒(3)(−ω; 0,0, ω) as a function of pump photon energy ℏ𝜔 for different inner 

radius (R1) with a fixed outer radii (R2 , R3). 𝑅𝑒𝜒
(3)(−ω;0,0, ω) and 

𝐼𝑚𝜒(3)(−ω; 0,0, ω) responsible for the direct current (DC) Kerr effect and the 

electro-absorption process, respectively [7]. As shown in Fig. 3, there is one peak 

which is due to single photon resonance. Also, the susceptibility value and the 
peak value take a red shift effectively when R1 increases. This is a consequence 

of the quantum size effect. When R increases, energy distances between 

electronic states (i.e., ω0 in Eq. (14)) in the conduction band become smaller. In 
the following, dipole matrix element μ becomes stronger with the increase of the 

radius [8]. As shown in Figs. 3(b) and 3(c), near the resonant 

frequency, 𝑅𝑒𝜒(3)(−ω; 0,0, ω) changes its sign from 
212

24 10 m
V

  to 

Similar to 
212

24 10 m
V

   but 𝐼𝑚𝜒(3)(−ω;0,0, ω) always keeps negative. 

Also we see, 𝐼𝑚𝜒(3)(−ω;0,0, ω) fast reaches negative maximum 
212

28 10 m
V

   when frequency slightly increases. This is similar to reports by 
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[7, 21]. These are important for the further development of quantum dots optical 

nonlinear devices [18]. 
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Fig.3. The modulus (a), imaginary part (b) and real part (c) of 𝜒(3)(−ω; 0,0,ω) versus 

the pump photon energy with different R1 and fixed R2 and R3 (R2=4nm, R3=5nm). 

 

Figs. 4 and 5 show  |𝜒(3)(−ω;0,0, ω)| , 𝑅𝑒𝜒(3)(−ω; 0,0, ω) and 

𝐼𝑚𝜒(3)(−ω; 0,0, ω)  as a function of pump photon energy ℏ𝜔 for different R2 

(with a fixed R1, R3) and different R3 (with a fixed R1 , R2) respectively. 
Comparing Fig. 5 with Fig. 4, we found that the susceptibilities increase more 

slowly and the peak shift much less for different values of R2 than for different 

values of R1. We showed that the susceptibilities increase much slowly and the 
peak shift much less for different values of R3.  
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Fig.4. The modulus (a), imaginary part (b) and real part (c) of 𝜒(3)(−ω; 0,0,ω) versus 

the pump photon energy with different R2 and fixed R1 and R3 (R1=3nm, R3=5nm). 
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Fig.5. The modulus (a), imaginary part (b) and real part (c) of 𝜒(3)(−ω; 0,0,ω) versus 

the pump photon energy with different R3 and fixed R1 and R2 (R1=3nm, R2=4nm). 

 

The interesting thing in Figs 4 is that by increasing the size of the shell 1, blue 

shift can be seen in the diagram. This can be due to the negative value for VC in 

the shell 1 which means it functions as a quantum well.  
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Comparing Figures 4 and 5, we can see that the shift of the peak in Figure 4, with 

the increase in R2 (R1 and R3 : fixed) is less than the shift of the peak in Figure 5, 
where R3 (R1 and R2 : fixed) is intentionally increased. This may be due to the 

fact that in case of E>Vc electrons can penetrate from shell barrier region to the 

shell layer. Because compared to shell 2, shell 1 acts as a well. Consequently, 
electrons are more confined in the well. 

In the case of Kerr-type nonlinearities, the expressions relating to the refractive 

index and the absorption coefficient with the intensity I of the electromagnetic 
wave are n = n0 + n2I  and α = α0 + βI, where n0 and α0 are the linear refractive 

index and linear absorption coefficient, respectively. In a system showing a 

negligible absorption (α0 = 0), the nonlinear refractive index n2 and the nonlinear 
absorption coefficient β are proportional to the real χR (3) and imaginary χI 

( 3) parts 

of χ(3) through the following expressions [22]: 

𝑛2 =
3

4𝜀0𝑐(𝑛0
2 + 𝑘0

2)
[𝑥𝑅

(3)
+
𝑘0
𝑛0
𝑥𝐼
(3)] 

                                                                                                                                  (10) 

𝛽 =
3𝜋

𝜆𝜀0𝑐(𝑛0
2 + 𝑘0

2)
[𝑥𝐼

(3)
−
𝑘0
𝑛0
𝑥𝑅
(3)] 

 
Where ε0 , λ are electric permittivity of free space and the wavelength respectively 

and  k0= λα0/4π is related to k=k0 + k2 I where k denotes the imaginary part of the 

refractive index. The ratio of n2 and n2(k0 = 0) can be obtained as follows: 

𝑛2

𝑛2(𝑘0=0)
= (1 +

𝑘0
2

𝑛0
2)
−1

[1 +
𝑘0

𝑛0

𝑥𝐼
(3)

𝑥𝑅
(3)]                                                                         (11) 

By the same token, 
𝛽

𝛽(𝑘0=0)
= [1 +

𝑘0
2

𝑛0
2]
−1

[1 −
𝑘0

𝑛0

𝑥𝑅
(3)

𝑥𝐼
(3)]                                                                            (12) 

Remarkably, this ratio is dependent on the ratios of the absorption coefficient and 
the refractive index k0 /n0 and the imaginary and real parts of the third order 

susceptibility χI 
(3) /χR 

( 3) . 

Fig. 6 shows the ratio n2 /n2(k0=0) and β /β(k0=0) have been plotted as a function of 
the ratio k0 /n0 for different values (positive and negative) of the ratio χI 

(3) /χR 
(3) 

in sample (R1 = 3nm, R2 = 4nm and R3 = 5nm) respectively. As we seen, the 

variation of ratio n2 /n2(k0=0)  and β /β(k0=0) versuss k0 /n0 are the same for all χI 
(3) /χR 

(3) up to k0 /n0 =1, while n2 /n2(k0=0)  (β /β(k0=0) ) drops drastically by decreasing 
(increasing ) of χI 

(3) /χR 
(3) after k0 /n0 =1 so that ratio n2 /n2(k0=0) and β /β(k0=0)  fall 

down nearly vertically for χI 
(3) /χR 

(3) = -0.392 and χI 
(3) /χR 

(3) =0.645 respectively. 
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Fig. 6. Calculated n2 /n2(k0 = 0) and  β /β(k0=0) ratio as a function of k0 /n0 

for different indicated values of the  χI 
(3) /χR 

( 3) ratio. 

 

 

4. CONCLUSION 
    In this paper, we calculated the third order nonlinear susceptibilities under  the 

effective mass approximation with intersubband transitions in the conduction 

band are theoretically calculated for PbS/ CdSe/ CdS spherical core-shell-shell 
quantum dots. Results reveal great dependence of nonlinear susceptibilities on 
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size of core and shell. We have also investigated analytical expressions relating 

the nonlinear refractive index n2 and the nonlinear absorption coefficient β or k2 
to real and imaginary parts of the third-order nonlinear susceptibilities. It is shown 

in the case of the negligible absorption assumption (k0 = 0), n2  and β is greatly 

dependent on the k0 /n0 for different value of χI 
(3) /χR 

(3). 
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